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1. Introduction 

The metric structure of the moduli space of solutions to the CP 1 model was first studied by Ward 
[0]. It was later shown by Ruback ^ that this metric comes from a Kahler potential. Formal inte- 
gration of the energy functional gives the potential as a certain integral. By Moyal deformation and 
replacing the integral by a (^-regularized trace, the second author [p introduced a noncommuta- 
tive deformation of the Kahler potential. The moduli space at topological charge two contains two 
interesting regions called the ring regime and the two-lump regime, motivated by the form of the 
energy densities for the corresponding solitons. In the ring regime, the behavior of the deformed 
Kahler potential is known from [jlj|. 

In this paper we review the results of [|I|] and explore the metric structure in the two-lump 
regime further. We apply two different techniques, perturbation theory and an explicit calculation 
involving a ^-function. The first approach relies on the solution of a singular Sturm-Liouville 
problem and gives the asymptotics of the Kahler potential in the strong noncommutative limit. In 
the second approach we calculate the ^-function of the involved operator explicitly. We compare 
the two approaches at strong noncommutativity. 

The paper is organized as follows. The CP 1 model and its moduli-space metric are briefly 
reviewed in Sections 2 and 3, respectively. In Section 4 we recall some standard facts about Moyal 
deformation and £-regularization. In Section 5 we present the main results from §\§ on the de- 
formed potential in the ring regime. Finally, in Sections 6 and 7 we calculate the asymptotics in the 
noncommutative limit for the two-lump regime using perturbation theory respectively (^-functions. 

2. The CP 1 model and its solitons 

The CP 1 sigma model in 1+2 dimensions is a paradigm for soliton studies [Q, ^ 
dynamics of maps 

u: (t,z,z)eR l > 2 — ► S^ra^CP 1 . 
It is useful to introduce homogeneous complex coordinates via u = |, so that 1 

t = Q ~ O => p = p 1 = p 2 = r^rt , (2.2) 

and hermitian rank-one projectors in C appear. 
The model is defined by its action functional, 

S = -4 Jd 3 xtiri^ v d^Pd v P 

= -4y"d 3 ^(r t r)- 1 T]' iV 5 A( r t (i-p)5 v r (2.3) 

= —4 j&^x {l+uuy 2 r]^ v d^udyu , 

'We restrict ourselves to one of two patches covering S 2 . This is inessential here. 



. It describes the 
(2.1) 
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which for static configurations, d t u = 0, reduces (up to a range-of-f factor) to the energy functional 
E = 8 Jd 2 z(T^T)~ 1 {d g T i (l-P)d z T + d z T\l-P)d z T} 
= 8 y^ 2 z (\+iiu)~ 2 {d z ud z u + d z ud z u} . 



(2.4) 



Classical static configurations are those which minimize E. Obviously, any meromorphic u = u(z) 
or anti-meromorphic u = u{z) is classical. Furthermore, u must be a rational function (of some 
degree n) for the energy to be finite. In this case, one has E = 87t|w|, and one speaks of solitons 
(or anti-solitons). The moduli space of such soliton solutions has complex dimension 2n+\. After 
quotienting the moduli space by the action associated with domain and target isometries, a reduced 
moduli space JZ n parametrized by a set {a} = {/3,y, 5, £,...} of nontrivial moduli remains. For 
example: 



n=\ : T(z) 



d 2 z 



8j3 2 



Q3 2 + kl 2 ) 2 



871 



2 8| i 8z 2 + 2yz- j 8 £ | 2 
Z (Ii8z + 7l 2 + k 2 + e| 2 ) 2 



16k 



(2.5) 



(2.6) 



with j8, 7 G R> and £ € C, so that dimj 



1 and dim]R^#2 = 4. In this paper, we choose to 



specialize to the subclass j6=0, which allows one to also rotate away the phase of e: 

32| 7Z | 2 



d 2 z 



167Z with 7 € M>o, £ G 



vr + £/ J (7 2 + |z 2 + £| 2 ) 2 

Note that the value j8 = should be excluded of and 7 = is not part of ^# 2 8_ °- 



(2.7) 



3. Moduli space metric 

The CP 1 model provides the simplest example for a nontrivial dynamics of moving lumps. For 
sufficiently slow motion, we can apply the adiabatic approximation scheme of Manton [§J. So far 
we considered classical static finite-energy solutions (solitons) u = u{z\a) depending on moduli 
parameters a. The adiabatic or moduli-space approximation brings back the time dependence as a 
sequence of snapshots of static solitons, 



u(t,z,z) ~ u(z\a(t)) 



(3.1) 



which pushes the true trajectory into the static soliton moduli space. We may regard all moduli as 
complex numbers. Evaluating the action on this moduli-space trajectory yields 



S[u(-\a{t))} + const = 4 / dt \jd 2 z (T^T)-^^ (1-P) d a T 



\a\ 



4 dt 



' j2 dgUdgU 

U Z (}+uu) 2 



a 



2 / dtgaa{a)\a\ 



(3.2) 
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which defines a Kahler metric gaa = da,d a X on the moduli space. Extremizing this moduli-space 
action yields geodesic motion for this metric. The corresponding Kahler potential reads 

jf = 8 Jd 2 zln(l + uu) = 8 y"d 2 zln(l + g) = 8 Jd 2 z [inT^T -\nqq] . (3.3) 

Some moduli have infinite inertia and must be treated as external parameters. At n=l and n=2 this 
is the case for /3, for which one finds that gsa = dndpX = °°. 

In the n=l sector, the Kahler potential is divergent, but can be regularized by differentiating 
twice under the integral with respect to a regularization parameter 8, 

T=( y P § ) => d s d s J(r := 8 Jd 2 z d s d s ln(\ + = 8tt JT = g 8?r55 . (3.4) 

This is the expected form for the uniform motion of a single lump in the 8 plane. 
In contrast, for n=2 the Kahler potential is well defined but nontrivial, 

T(z) = {/ +e ) => X = 8 |d 2 zln(l + ^) = 16tt| 7 |£(-||| 2 ) =: J%(y,e) , (3.5) 

where E(m=k 2 ) denotes the complete elliptic integral of the second kind. This result was first 
obtained by Ruback ^ (see also [[7|]), after the meuic and the geodesic motion had been analyzed 
earlier by Ward [^J. 

Depending on the relative size of the two dimensionful moduli, |y| and |e|, we can distinguish 
two (asymptotic) types of solitons in ^#^ _0 : For |e| <C \y\ the energy density is localized in a ring- 
like region in the z-plane, while for |y| <C \e\ it sharply peaks at the two locations z± = ±1/— e. 
In between, the configurations are of intermediate type. In this 'ring' and 'two-lump' regimes 
of ^2~°' Kahler potential admits an expansion in the small ratio, 

16^ = 2^{ 1 + 4 y "64 y + 2^6 y + -} aM (16) 
167T 11 I 4 V Ue 1 / e 32 V2 Ug'/e 256 V Ue'/g I ,v ' 

respectively. For |y| — > (at the boundary of ^# 2 ^ _0 ) one encounters mild logarithmic singularities. 
For illustration, we display some energy density plots for the adiabatic motion in the ring regime. 



4. Moyal deformation 

We proceed to the noncommutative generalization of the CP 1 model [Jsj, g|. Loosely speaking, 
the Moyal deformation replaces the spatial coordinates (z,z) by operators (Z,Z*) subject to the 
Heisenberg-algebra commutation relation [Z,Z^] = 26 = const. A standard physics realization in 
terms of semi-infinite matrices reads 



/ ° 



2da 



\ 



o 

/Too 

y/2 
V3 



\ 



& Z T 



2d a 1 



/0 v/T 

v/2 
yfi 



V 







\ 



(4.1) 
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Figure 1: Adiabatic motion in ring regime: energy density plots for f-values —5.0, —1.5, 0.0 and 1.5 

This quantization map is extended linearly and associatively to a large class of functions / of 

(z,z) eCvia 

/ —> F{f) = f(Z,Z% ym , (4.2) 

where the symmetric (or Weyl) operator ordering of monomials is indicated. In the CP 1 model, 
examples for / are the polynomials p and q, so / and F take value in CP 1 . Partial derivatives also 
deform easily, 

d- z ^ i[Z,-] = ^-[a,-] and d z H- -±[z\ ■) = -^g[a\ ■] . (4.3) 

The Heisenberg algebra is represented (with highest weight |0)) on the Fock space JF, 

[a,a f ] = l and a|0)=0 => & = span{ \n) = -^(a 1 ")"^) | n = 0, 1,2, . . . } , (4.4) 

where we have introduced an eigenbasis of the number operator 

N = a ! a =>• N\n) = n\n) and (n\n) = 1 for rc = 0,l,2,... . (4.5) 

Let us remark that the operator a can also be realized as the unbounded operator a = 4= (o^ +*) 
on L 2 (R). This operator is an operator of order 1 in the Shubin calculus, see Chapter IV of [|T0|], 
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so any noncommutative polynomial in a and a* is an operator in the Shubin calculus. The Shubin 
calculus allows one to apply pseudo-differential techniques to the involved operators guaranteeing 
good spectral properties of elliptic operators and also asymptotics of parameters with semi-classical 
methods, in principle an elliptic operator in the Shubin calculus behaves as an elliptic operator on 
a compact manifold of twice the dimension. In particular, this calculus provides the mathematical 
machinery for the quantization map associating an operator F(f) with a function / on C. Under 
suitable assumptions on /, such as Schwartz class, the integral over C deforms to a trace over the 
Fock space and one has that 

2%6trF(f) = Jd 2 zf(z,z) and 2 7 r0tr/(Z,Z t ) = J&zf*{z,z), (4.6) 

where the star indicates the forming of monomials by using the Moyal star product. 

We would like to define a Moyal-deformed Kahler potential J?T as a potential for the noncom- 
mutative Ward metric. This requires fixing the ordering ambiguity by making a particular choice. 2 
A literal adaptation of ( ft.3| ) fails, however, since Q}Q = q(Z^)q(Z) is in general not invertible, and 
thus UW = ii(Z^)u(Z) does not exist. This difficulty is avoided by deforming instead 

8 Jd 2 z\n(T^T) i — ► 16^9trln(r t r) = 16w0trln(P t P + j2 t G) =: # , (4-7) 

where the entries of the deformed T : C x <M n — > C 2 are of course operator-valued. However, like 
in the commutative case, this definition is only formal due to the lack of convergence. The problem 
is that, since T will be a differential operator, ln(r^T) is not of trace class, and so the expression 
does not make sense. 

To deal with this type of problems the technique of £-regularization was invented by Ray and 



Singer Qll]. The idea behind £-regularization is that ln(je) = — gj| s _ * ~ s - So formally J^ln(jc) = 
— gj | „ x~ s , and one can hopefully make sense of Y*x x ~ s as a holomorphic function at s = by 
a holomorphic extension. If D is a positive operator, one can define D s which, for D being an 
elliptic differential operator, often is trace class at 9t (s) large enough. If this is the case, one defines 
the £ -function of D as 



1 r°° 

Cd(s) :=tr(D- s ) ee — df f- 1 ^ ) , 
lis) Jo 



(4.8) 



which is a well defined holomorphic function for large 9?(j). One can often extend this holomorphic 
function to a neighborhood of and define 

trln c (D) := -&(0) . (4.9) 



Especially, if D is an elliptic operator of order m in the Shubin calculus, the expression (18) 
converges for 9t(j) > 2/m. If it also depends on parameters (moduli), trln^(D) admits asymptotic 
expansions both in the small and large parameter limits, see [|l2|]. The asymptotics at oo only 
requires semiclassical information, but the asymptotics in needs global information, i.e. particular 
values of the £ -function. 



"A symmetric ordering prescription corresponds to a zero deformation. 
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Being interested in the parameter dependence of our operator we observe the functional equa- 
tion 

^D+t{s) = -sC D+t (s+l) for t>0. (4.10) 

This regularizes the expression for the determinant since we can express the right hand side explic- 
itly in a slightly larger domain. If D is an order m > 2 operator in the Shubin calculus, then 

j t \x\ H {D + t) = Cd+,(1) = tv{D + t)- x . (4.11) 

Another useful result to calculate (^-determinants is a perturbation-type result valid for operators 
decomposing as D = G + E, where G is invertible and G E is Schatten class. Then one has 

trln(G + £) = trln(G) + trln(l + G _1 £) . (4.12) 

The second term can sometimes be calculated in terms of an explicit series representation (see, e.g., 
Theorem 4.3 of [||]). 

Let us specialize to the case at hand, D = T^T = P^P + Q^Q. Anticipating (removable) zero- 
mode complications, we switch from solitons to antisolitons from now on, i.e. take T = T(Z^). For 
n=l, one can proceed like in the commutative case and obtain a convergent trace after differentiat- 



ing twice with respect to a shift parameter 8. Since the result equals 871 just as in (3_4), the Kahler 
potential is undeformed. This agrees with the expectation for the dynamics of a single lump. 

The n=2 sector provides the challenge we want to meet. Since the deformation parameter 6 
introduces a new scale into the problem, we can relate all dimensionful (greek) moduli to 6 by 
introducing dimensionless (latin) moduli, 

Z = VWa, f3 = V26b, y = 2dg, e = 2Be. (4.13) 

Note that, for fixed greek moduli, small latin moduli correspond to strong noncommutativity while 
the commutative limit is attained for infinitely large ones. In this notation, we have 



a n + e 



=> X = 16^:0 trln(r t r) with 
r j r = gg + (a 2 + e)(a n + e) = gg + {N+2){N+l) + ea n + ea 2 + ee 



(4.14) 



introducing F = T^T\ g= o and the decomposition into a ^-dependent (diagonal) and an e-dependent 

(non-diagonal) part of D. Important actions on the basis states are G\n) = [(n+2)(n+l) 

and 

\ In) := G- V 2 |ra) = \n+2) , / In) := G~ l a 2 \n) = \n-2) . 

x 1 ' 1 ' gg+(n+4)(n+3) I 1 / ' 1 ' gg+n(n— 1) 1 ' 

(4.15) 

The ee term may be omitted at first and produced at the end of the day by shifting gg — > g g + ee. 
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5. Deformed rings 

For |e| <C \g\ (the ring regime) it is reasonable to set up a perturbation expansion in the off-diagonal 
part of the operator. We copy the formal method used in quantum field theory, 



167T0 



trlnG + trln (1 + G~ 1 E) 



trlnG _ ^ { -p-tr(G- l Ey 

k=i 



exp 



(eedg g )tx{ 



InG 



ee 



{ee) 



2 (\ 

2 



+ 



(ee) 3 x 



(5.1) 



+ 



+ 



+ 



+ 



...}. 



The operator ln(l +G~ l E) is merely Dixmier class while G ' E is of order 2. The logarithmic 
divergence of its trace can be calculated as the Wodzicki residue of G X E which is 0. Thus the 
first term of the sum in (5.1 ) vanishes and its sum evaluates to the trace of ln(l + G~ l E) — G ' E, 



which is of order 4 and hence trace class. The trace produces calculable infinite sums of rational 
functions of n. Since the summands of order (ee)* decay as rT 2k for large n, all sums converge, 
except for the leading trlnG term. A remedy consists in subtracting an infinite constant, 3 



£ln(|g+(n+2)(n+l)) 

n=0 



£ ln(|g+(n+2)(n+l)) - ln((#i+2)(n+l)) 

n=Q 



n=Q 



l + - 

In cos W — 



(b+2)(b+1). 
Ingg — In K 

We display the first few terms of this power series expansion in ee: 



(5.2) 



with 



W 



167T0 



IncoslV - Ingg - Inn + (ee) l n 2 ^^ 



4- (rA 2 T 4 f 48(gg) 4 +200(gg) 3 -33(gg) 2 +27gg tanW 
\ee) ii <i - A ,„-_ , 5\37Z5^XTTi w^ - 



4(4gg+3) 3 (4gg+15) 



(gg) 2 sec 2 w' 
2(4g"g+3) 2 



+ (ee) 3 7l 6 { 



(5.3) 



10240(gg) 8 +171520(gg) 7 +878336(gg) 6 + 

8(4gg+3) 5 (4gg+15) 2 (4gg+35) 



48(g-g) 5 +2()0(gg) 4 -33(g-g) 3 +27(gg) 2 sec 2 W 



4(4gg+3) 4 (4gg+15) 



W 4 



13770(gg) 2 +6075gg tanW 



+ 



W 5 

tan sec 2 W 



3(4gg+3) 3 W 3 



+ 



The g dependence is exact in each order in ee. Note that all powers of J| from the expansion of 
— \n{gg + ee) get cancelled. For gg> \ one must analytically continue W, and the trigonometric 
functions convert to hyperbolic ones. When g — > 0, we find 



IncoslV - Ingg = Inn + gg + (f-^Cfg) 2 + ... 



and 



tan W 
' W 



Jr + ••■ , (5-4) 



«1 



and so the whole expression is regular at e = g = and behaves as gg + #ee + Keeping | - 1 

fixed, we can vary 6: The 6 — > oo limit (g,e — ► 0) is smooth since ggtanW ~ ggsecW remain 
finite; for weak noncommutativity (g,e — > °°) one indeed recovers the ring-regime expansion of the 



commutative result (3.6), 



je + o' e 



In zeta-function regularization this constant equals to ln7T. 
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6. Deformed lumps - the perturbation approach 

For \g\ <C \e\ we encounter the two-lump regime. We should like to set up a perturbation expansion 
in powers of \g\ 2 here. Formally, it reads 

tr\a[F(e) + gg] = trlnF(e) + tr ln[l +ggF(ey 1 ] . (6.1) 



16710 



It is easy to see that the operator F(e) has no zero modes. Because it is an elliptic operator in 
the Shubin calculus, its spectrum is non-degenerate and discrete. While the order of F(e) is 4, 
the operator In [l + ggF(e)~ l ] is trace class. The eigenvalues of F(0) obviously are A„(0) = 

(n+2)(n+l) for n = 0, 1,2, The eigenvalues X n (e) for are called 'spheroidal' [|I], [14]]. Hence, 

for small gg, we can write a formal series expansion where each term is exact in e: 

OO OO CO 

ZH88 + Ue)) = -Ll(-88) k LUe)- k . (6-2) 



16710 n=0 k=l n=0 

The spheroidal eigenvalues admit a Taylor expansion in \e\ 2 , 



, ,,f, 2 2(4n 4 + 24n 3 + 13« 2 -69« + l) , , 2 i 

Ue) = ("+ 2 )("+ 1 ){ 1 + (2w+1)(2n+5) ^+ (2w _ 1)(2w+1) 3 (2w+s) 3 (2/l+7) (^ +-) 

=: (n+2)(#i+l) {1 + %n(e)} . (6.3) 



Using the above factorization, we can rearrange ( 5.2 ) to obtain 



£ln[ #g + (n+2)(n + l)] + ^[l + ^SA M 



~ ^ L55 " V " A ^ VJ ~Q «S+("+2)(n+l) 

OO OO 

= const + IncoslV - Ingg - £ ^ £ (l + (^fcy)^(e) 

Jt=l n=0 



(6.4) 



Expanding in powers of |e| 2 and performing the «-sums, we get agreement with (5.3) expanded 
in powers of |g| 2 . For the strong noncommutative limit 6 — > °°, we can thus provide a double Taylor 
expansion: 

~ 2l e\ 2 + \8\ 2 ~ £\e\ 4 ~ 1H 2 H 2 + i\~i)\s\ A + ■■■■ (6-5) 



167T0 31 1 ' 161 45 

|2 



An expansion analogous to (p.3|), valid also for large \e\ in the two-lump regime, requires an 
analytic formula for X n (e). The best we can hope for is an asymptotic expansion around e = oo 
by means of semiclassical techniques. Such a result would also allow us to connect with the 
commutative limit 6 — > 0. 



9 



Noncommutative Ward metric 



Olaf Lechtenfeld 



7. Deformed lumps - the zeta function approach 



In this section we focus on calculating the potential for the noncommutative Ward metric in the 
two-lump region \y\ <C |e| and especially for the strongly noncommutative limit 6 — > oo. We will 
do this by finding the ^-function of the fourth-order operator T^T. 

To calculate the zeta function of T^T we first evaluate its heat trace. We have that 



tr(e-^ r ) = £< 



n\e- tTTT \n) 



oo 

y (He-'(( fl2+zKflt2+wHW2 )Hi 

L-i x 1 1 ' \z=w=e 



n=0 



n=0 

,2k 



(7.1) 



L r \e.\ 2k (-n-2) 2k t 2k a -t((n+2)(n+\)+\e\ 2 +\f;\ 2 ) 
L, (M? c 



n=Q k=0 



where we in the last equality use the Taylor expansion of the holomorphic function (z,w) i— > 
I" =0 («|e" f ( (a2+z)(at2+vv)+l « |2 ) \n) and employ the Pochhammer symbol {x) k = x(x+l) ■ ■ ■ (x+k-l) 
if k > and (x) = 1. With the help of 



dt f +k - x eT at 



c- s - k T{s + k) and T{s + k) = {s) k T(s) 



(7.2) 



and splitting off the k=0 terms, it follows that for 9t(j) > \ the zeta function of T^T is given by 



LfJ 



sT'T\ 



£((,+2)(, + i) + H 2 + H 2 )- i + ^£ 



n=0 



n=2k=\ 



\e\ 2k (-n) 2 k(s) 2 k 
W 



{n{n-\) + \e\ 2 + \g\ 2 Y 



(7.3) 

This expression is valid for all values of e and g, but it is difficult to treat for most of the values. 
Applying the functional equation (4.11) for |g| 2 and integrating ditto again from to \g\ 2 we arrive 
at the expression 



16710 



(n+2)(n+l)+|e|- 



Crtr(0)l g =o + £ln 1 + 

L5J , ... 

(„(„-l) + |e| 2 + |g| 2 )- 2 *- 



(7.4) 



II 

n=2k=\ 



\e\ 2k (-n) lk {2k)\ 
W 



(n(n-\) + \e\ 2 ) 



2\~2k 



This representation of the potential is valid for all values of the moduli parameters. Observe 
that the third term vanishes at g = as well as at e = 0. We shall calculate the first and the second 
term explicitly. The first term can be calculated using a result of Lesch [15] that is a variation of 
the celebrated Gelfand-Yaglom theorem. The second term can be evaluated using (5.2). Finally we 
show that the remainder, i.e. the third term, vanishes to fourth order at the origin when fixing 
This will produce an asymptotic expansion up to third order for the strongly noncommutative limit 
6 — > oo in the two-lump case. 

7.1 The first term 

Let us turn towards the calculation of — ^ T (0)\ g=0 . Recall the notation F(e) = T'T\ g= o. We 
observe that the heat trace of F(e) is independent of our choice to consider the antisoliton operator 
(a 2 +e)(a* 2 +e) instead of the soliton operator (a^ 2 +e)(a 2 +e), while their nonzero spectra coin- 
cide. It was was proven in [[I]] that the operator F(e) for the soliton choice is, via multiplication by 



10 



Noncommutative Ward metric 



Olaf Lechtenfeld 



e* 1 / 2 , Fourier transformation and a change of variables, equivalent to the singular Sturm-Liouville 
operator 



F(e) := -d z (l-z 2 )d z + + k| 2 (l-z 2 ) for z€[-l,l]. 



(7.5) 



For details, see The operator F(e) is well studied and has discrete spectrum. Its eigenvectors 
are known as the oblate spheroidal wave functions [14] with the eigenvalues (63). We improve 
the problem further by another change of variables, z = sin(x), which transforms the eigenvalue 
problem to solving 

-d 2 h(x) + (cosec(x) + |e| 2 cos(x)sin 2 (x) - 1)/j(x) = Xh(x) for *€[-§,§], (7.6) 
which is a regular-singular Sturm-Liouville problem. The solution normalized at ±^ is given by 

± (x) := |er 1 sinh(|e|(sin(x)=Fl)) . (7.7) 
In particular, the Wronskian of this equation is 



W{§-^ + ) = - = |c| _1 sinh(2|c|) . 



(7.8) 



The determinants of regular-singular Sturm-Liouville problems have been studied in [|l5|], and it 
follows that 



det [>(<?)] = 2| < ?r 1 sinh(2H 



-Crtr(°)l«=o = ln 



2sinh(2|e| 



(7.9) 



which is consistent with the calculation in [|T|] based on the Gelfand-Yaglom theorem. 
7.2 The second term 



This term derives from the first term of (7.3). Let us denote 



£°M = E((n+2)(«+l)+0" 



(7.10) 



n=0 



so if t > t' > it follows from integrating the functional equation ( 4.10| ) from t' to t that 
t-t' 



n=0 



(n+2)(n+l)+t'J ~ (n+2)(n+l) + f 



Comparing with the result (p.2|), 

CO 

-d s £°(.s,f)|. s= o = Yj m ((«+ 2 )(«+l) +0 = lncosW(f) - hu + const 

and putting f = \e\ 2 + |g| and = \e\ 2 , we conclude with W(t) = ? V 1 — 4? that 

M 2 i lel 2 cosf5*/ 



(7.11) 



(7.12) 



n=0 



ln 



|e| 2 cos(f v / l-4|e| 2 -4|g| 2 ) 



(«+2)(«+l) + |e| 2 J (| e |2 + | g |2) cos (f y / l-4|e| 



(7.13) 



in the disk |g| 2 + \e\ 2 < \. This result is finite at e = and extends to the outside of the disk by 
analytic continuation, as was already mentioned. 
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7.3 The remainder term and the 6 — > °° asymptotics 

Let us finally consider the remainder term in (f^J), which is given by 

oo 

R(e,g) := £ £ k|2 V; (2 * )! [(»(»-!) + \e\ 2 Y 2k - (n(n-l) + |.| 2 + |g| 2 )^ 

n=2*=l - (714) 

7=1 

One can calculate Rj by means of a Taylor expansion of R. This is relevant for 6 — > oo because 
fixing the dimensionful moduli implies that e and g are 0{8~ l ). One obtains the series 

R M Y mm{ Y f J } W-nMk + j-iy. (-!)*->(! -(l+v)^) 

It is a polynomial of degree j— 1 vanishing at v = 0. The first two of the RjS are given by 

Ri(v) = and R 2 (v) = 12v . (7.16) 
We conclude from ( |7.4[ ) that in the two-lump case the complete Kahler potential reads 



X _ ln 2sinh(2| g |) | g Pcos(fVl-4H^-4Hj + £ |2) 



16710 kl (kl 2 +|*p) cos(f yi^W) 7 f 2 ' (V . 1V) 

= const +(f + |f| 2 )| e | 2 + 0(H 4 ), 

where the second line shows its e — >• asymptotics. So in the limit 6 — > oo the asymptotics is 

Ait 

= y(ll£| 2 + l7l 2 ) + o(d- 3 ), (7.18) 



in agreement with the naive double Taylor expansion ( p.5| ) of the expression ( p.3| ) in the ring regime. 
8. Conclusions 

We have investigated the structure of the noncommutative deformation of the Ward metric in the 
charge-2 sector, as a function of the two dimensionless complex moduli e = and g = X. Along 
the curve e = in the moduli space the deformed potential was expressed in closed form. The same 
was done using a Gelfand-Yaglom-type result along the limiting curve g = 0, which is not inside the 
classical moduli space. The ^-function and the noncommutative deformation of the Ward metric 
in the charge-2 sector was expressed as an explicit power series. 

In the ring-like regime \e\ <^ \g\, the potential is controlled by perturbation theory and admits 
the calculation of asymptotics. Here, the classical Ward potential is recovered in the commutative 

limit, at least to order I - 1 8 . 

8 

The two-lump regime \e\ 3> \g\ provides a bigger challenge. There we employed both pertur- 
bation theory and a more direct approach using the ^-function to obtain asymptotics for the strong 
noncommutative limit. The results interpolates between the values along the curves e = and 
g = 0. So it appears that the two methods lead to coinciding results. 
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Unfortunately, direct approaches like £ -functions and perturbation theory does not seem to 
reach the commutative limit of the deformed lumps. As of present, we know only the form of the 
leading noncommutative correction [jl]|, 

^ = | £ |A (|I| 2 ) + 0e- 2 W/%(|£| 2 ) + 0(6e-^,^) , (8.1) 

where 167r|e|Ao = J^q, and A\ is an unknown function. There exist some very interesting semiclas- 
sical techniques for the parameters approaching infinity [Q. With their help one may write down 
a full asymptotic expansion of Jtf in the commutative limit in terms of local invariants given by 
integrals of certain rational functions coming from the Shubin calculus. Even though this involves 
elliptic integrals, we have not reached an exact expression and leave this problem for future work. 
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Figure 2: modulus-of-moduli space 
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